Physics 121:  Laboratory 4

Relative Velocity and the Doppler Effect

I. Introduction
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The Doppler Effect is the apparent shift in frequency of a wave due to the relative motion of source and observer.  This phenomenon was demonstrated in lecture using a moving loudspeaker to generate sound waves.  When the speaker was moving towards you, you heard a higher pitched tone that when the speaker was moving away from you.  More precisely, the fractional change in frequency is equal to the relative speed of approach or recession divided by the velocity of propagation of the wave (340 m/s for sound, 3 ( 108 m/s for electromagnetic waves).  For two- and three-dimensional motion, we need to find the component of the relative velocity along the line joining source and observer.  

Figure 1. Illustrating the vectors contained in Eq. 1

Using vectors, we may write the equation for the Doppler shift in the following concise form:
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where c is the velocity of propagation, and v and r are the source velocity and position relative to the observer.  This equation is valid for all waves as long as |v| ( c.  The student should verify that Eq. 1 predicts an increase (decrease) in frequency if the source is approaching (receding from) the observer.  

II. Satellite Doppler Shifts
Figure 2 shows a satellite in a circular, polar Earth orbit of altitude h.  Assume that the satellite is emitting a radio wave at a beacon frequency f0.  The observer, located at point O, can detect the satellite only when it is above his/her horizon, i.e., between points A and C in the Figure.  
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Figure 2. Satellite in circular orbit of height h.

Using Eq. 1 and a little geometry, the Doppler shift when the satellite is at A is given by:
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(2)

If, at point B, the satellite is directly over the observer, its velocity relative to O is perpendicular to r, so that (f has the same magnitude as A but is now negative.

Our object is use the Doppler Effect to find the speed v and altitude h of the satellite.  If we know the orbital period T and the length of time ( over which the satellite’s signal is detectable (
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),  we can get a good estimate of ( in Figure 2.
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The height of the orbit then follows from:
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(4)

The value of h obtained by this method can be confirmed using Kepler's law:

     G ME (2 = 4 (2 ( RE + h )3



(5)

G = 6.672 x 10-11 m3 kg-1 s-2, ME = 5.9742 x 1024 kg, RE = 6378.140 km.

The speed v of the satellite can be determined by measuring the overall change in frequency of the detected radio wave from point A to point C:
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(6)

In general, the satellite does not pass directly overhead.  By analyzing the shape of the Doppler curve (f(t), we can find the distance of closest approach d of the satellite.  Let us assume that the distance between satellite and observer is much less than RE.  Then we may use a flat Earth approximation to evaluate the Doppler shift.  Referring to Fig. 3 

[image: image9.wmf]h

r

v

q

A

B

C

O

R

E


Figure 3.  Satellite rendezvous. 
we can conclude 

v ( r = x v = v2 t,



(7)

where we have set x = vt, so that the satellite has its closest approach d at t = 0.  Replacing Eq. 7 into Eq. 1 we get





(f / f  =   -v2 t / [c( v2 t2 + d2 )1/2 ]


(8)

It is not hard to show that the maximum rate of change of (f occurs at t = 0 (see Fig. 4), and that the maximum slope can be used to evaluate d. 
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Figure 4. Doppler shift as a function of time. We chose t = 0 to be the time when the satellite is overhead.

Question 1: Take the derivative of Eq. 8 and evaluate it at t = 0 (i.e., get the maximum slope). Show that the slope is a simple function of v and d.
III. Apparatus

RS-10/11 is a member of the COSMOS series of Russian satellites.  It is in a near-polar orbit about the Earth with a period of 104.5 minutes.  It passes over Hamilton twice a day, once from north to south, and about 12 hours later, from south to north.  Using a short wave receiver, we have made tape recordings of RS-10/11’s Doppler shifted beacon signal (f0 = 29.357 MHz) as it passes by.  The beacon is too high in frequency for us to hear directly.  To make it audible, the receiver translates it downward by a fixed amount fLO to produce a new signal at a frequency faudio:
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(9)

where (f  is the Doppler shift of the satellite beacon.  The new signal is in the audio range (faudio ( 2 kHz) and can be heard using a loudspeaker or headphones.  The important point is that since fLO is fixed, the change in faudio is equal to the change in the Doppler shift.  By measuring faudio verses time, we can track the Doppler shift Δf.  Consider the following example.  The satellite beacon has a frequency of 29.357 MHz.  As it approaches you, its frequency will be Doppler shifted upward by ( 1 kHz.  If the receiver is tuned to 29.355 MHz, you will hear a 3 kHz tone.  As the satellite passes over, the beacon frequency will drop by about 2 kHz, lowering the frequency of the audio signal by the same amount. 

The beacon signal is not a continuous sine wave, but a sequence of Morse-encoded (dots and dashes) telemetry carrying information about the satellite’s vital functions (e.g., its temperature, voltage levels, battery condition, etc.).  Because of this, it is not straightforward to track the frequency.  We will measure the frequency of the wave with a digital oscilloscope. Because the signal unstable it is not easy to measure the frequency directly with an ordinary oscilloscope. The storage features of the digital oscilloscope allow us to "freeze" the waveform on the screen for measuring the frequency faudio. 

IV. Procedure

To measure the satellite’s speed, height, and distance of closest approach, you will have to measure the Doppler-shifted beacon frequency as a function of time.  The apparatus is shown in Figure 4 and described above.  

1. Record the time and date of the satellite orbit, written on the tape.

2. Rewind the tape if necessary.

3. Now start the tape and listen carefully for the high pitched Morse Code of the satellite as it rises above the horizon.  (The recording was begun several minutes before the satellite rose above the horizon.)

4. Familiarize yourself with the oscilloscope.  This is a cathode ray tube that is used for measure time-varying voltages. It has a number of knobs. For the most part the scope will be set up for you, but you will need to learn how to do some basic operations. Important to recognize is that the vertical axis of the display represents an electrical voltage, and the horizontal axis represents time. An appendix with a description of the keys is provided. A few important keys are: 

· CH 1 VOLTS/DIV: (#12 in Fig A2) This knob changes the vertical scale of the display. You should use it to adjust the vertical size of the waveform in the screen.

· POSITION: (#8 in Fig. A2) Works in conjunction with the previous one. It is used to displace the waveform as a whole vertically in the screen.

· SEC/DIV: (#20 in Fig. A3) This control changes the speed at which the waveform is displaced in the screen. That is, it changes the temporal (horizontal) scale of the display. 

· Cursor  knobs ON, TOGGLE and POSITION: (#36-39 in Fig. A4). Are used to enable a set of cursors to do measurements on the waveform: #36 turns this feature on/off, #39 selects the type of measurement, which you want to leave at T, #37 moves the cursor(s) that are selected, and #38 selects one or two cursors to be moved by #37.

· Storage buttons ON, HOLD, RECALL: (#40, 42, 43 in Fig. A5). These control the digital storage capabilities of the scope: #40 turns this feature on/off, #42 “freezes” the display, #43 and $42 pressed simultaneously produce a “screen dump” to the printer (printer must be connected).

Start the tape at a point where you can hear the satellite signal easily and see its trace on the scope (short for oscilloscope). Adjust the "CH1 VOLTS/DIV" knob such that you can see the amplitude of the oscillations clearly. Adjust the "SEC/DIV" knob such that there are a few periods displayed on the screen. Push the "ON" button of the storage section and then the "HOLD" button. The latter will freeze the waveform in the screen. Push the "ON" button of the Cursor menu and select the 1/(T mode. Align the cursors with two crests and read the frequency in the upper left of the display. If you push the "HOLD" button the display will go to live display again. Practice this procedure of freezing the trace on the screen and measuring the frequency until you can do it relatively quickly.

5. Once again rewind the tape to the point where the satellite is first heard, called acquisition of signal (AOS).  Now play the tape non-stop and measure and record the frequency of the wave vs. time.  When the signal is weak, i.e., when the satellite is near the horizon, the Doppler shift is changing slowly, so you do not need many measurements.  When the signal is strong, e.g., when the satellite is nearby and high above the horizon, the Doppler shift is changing rapidly and you should take frequent measurements, say 3-4 per minute.  Your lab book should contain a table like the one shown below.

Table 1:  Sample notebook entries

Time
f (kHz)
Com.

1:55:30
-
AOS

1:56:35
3.125


1:56:55
3.108


about 20-30 entries

2:11:30
1.023


2:12:20
-
LOS

Note that it is important to record the times of AOS and LOS (loss of signal) in order to estimate ( in Eq. 3.

V. Analysis

You can analyze and plot your results using Excel.  Set up your spreadsheet in the following or similar way.  Identify the spreadsheet with a descriptive title, and label each column clearly.  Include units with each column.  Also display the equation used to convert resistance setting into frequency.  Include as much documentation or text as needed so that the spreadsheet is self-explanatory.

1. Column A is the recorded time of each measurement, in the format hr:min:sec.

2. Column B is the elapsed time from AOS, in seconds.

3. Column C contains the dial setting for each measurement.

4. Column D contains the frequency faudio calculated from Column C and the calibration data.

5. Once you have completed the spreadsheet entries, you should plot faudio vs. time, and use this plot in the analysis below.

6. From AOS and LOS times, calculate the angle ( and the orbit altitude h. Compare this value from what you get using Kepler's law (Eq. 5).

7. From the asymptotes in the curve in the plot find the satellite velocity v.

8. From the maximum slope of your graph, determine the distance of closest approach. 
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 How close to overhead (D in Fig. 5) did the satellite pass?

Figure 5. Satellite path relative to the observer.
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